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To characterize the linear birefringence of a multiple-order wave plate (MWP), an oblique
incidence is one of the methods available. Multiple reflections in the MWP are produced, and oscillations
in the phase retardation measurement versus the oblique incident angle are then measured. Therefore,
an antireflection coated MWP is required to avoid oscillation of the phase retardation measurement. In
this study, we set up a phase-sensitive heterodyne ellipsometer to measure the phase retardations of an
uncoated MWP versus the oblique incident angle, which was scanned in the x–z plane and y–z plane
independently. Thus, the effect on multiple reflections by the MWP is reduced by means of subtracting
the two measured phase retardations from each other. As a result, a highly sensitive and accurate
measurement of retardation parameters (RPs), which includes the refractive indices of the extraor-
dinary ray ne and ordinary ray no, is obtained by this method. On measurement, a sensitivity �ne, no� of
10�6 was achieved by this experiment setup. At the same time, the spatial shifting of the P and S waves
emerging from the MWP introduced a deviation between experimental results and the theoretical
calculation. © 2007 Optical Society of America

OCIS codes: 120.3180, 040.2840, 120.5050, 120.5410.

1. Introduction

A multiple-order wave plate (MWP) can adjust the
polarization state of light waves, and this is achieved
by changing its thickness or using a different wave-
length of light wave. Furthermore, the polarization
state can also be adjusted by tilting the wave plate
such that the laser beam is obliquely incident onto
the wave plate [1,2]. To do this, the retardation pa-
rameters (RPs) of an MWP, including the refractive
indices of extraordinary ray (E-ray) ne and ordinary
ray (O-ray) no and the order number of the interfer-
ence m are required. Preuss and Gole [3] derived an

explicit Jones transformation matrix for a tilted
wave plate with its optical axis on the surface plane.
However, spatial beam splitting with respect to the
E-ray and O-ray was ignored. Zhu [4] developed a
modified Jones transformation matrix where the
spatial beam splitting effect is considered because
an optical path difference is introduced between the
E-ray and O-ray in the MWP. However, the modi-
fied explicit Jones transformation matrix does not
consider the effects of multiple reflections [5] and
the spatial shifting of the emerging beams simulta-
neously. Pietraszkiewicz et al. [5] proved numeri-
cally that there are multiple reflections produced at
near normal incidence in a quartz wave plate. Re-
cently, Jeng and Lo [6] successfully demonstrated a
heterodyne polariscope that was able to measure
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RPs sequentially by the use of an antireflection
MWP where the oblique incident angle was limited
to a range of less than 5°. Their method requires
two tested samples of which the difference in thick-
ness is less than 30 �m to assure that both samples
have an equal order number of the interference for
calibration purposes. In this study, we set up a phase-
sensitive optical heterodyne ellipsometer to measure
the phase retardation of the P and S waves for mea-
surement of the RPs [7,8]. The multiple reflections
and the spatial shifting effect of the emerging beams
are considered such that high sensitivity for the
RPs measurement at a large oblique incident angle
becomes applicable. Experimentally, a sensitivity
�ne, no� for detection in the order of 10�6 was achieved
due to a phase stability of 0.3°�h during measurement.

2. Principle

In Fig. 1, a polarized common-path optical hetero-
dyne ellipsometer is set up [8] in which two acousto-
optic modulators (AOMs) are driven at frequencies of
�1 and �2 in the reference and signal channels, re-
spectively. A linearly polarized laser beam is incident
into the Mach–Zehnder interferometer such that the
P1 and S1 waves are in the reference channel whereas
the P2 and S2 waves are in the signal channel. Both P
waves �P1 � P2� are mixed together to produce a
P–polarized heterodyne signal with a beat frequency
of �� at the photodetector Dp. Simultaneously, an
S-polarized heterodyne signal is generated by S1
and S2 waves at the photodetector Ds. They are
expressed by

Ip���t� � �Ep1
� Ep2�2

� Ip1
� Ip2

� 2�Ip1
Ip2

cos���t � �p�, (1)

Is���t� � �Es1
� Es2�2

� Is1
� Is2

� 2�Is1
Is2

cos���t � �s�, (2)

where �p � �p2
� �p1

, �s � �s2
� �s1

are the phase
difference between the P1 and P2 waves and bet-
ween the S1 and S2 waves, respectively. Meanwhile,
�Ip1

, �p1
�, �Ip2

, �p2
�, �Is1

, �s1
�, and �Is2

, �s2
� are the inten-

sities and phases of P1, P2, S1, and S2 waves, ac-
cordingly. To analyze the state of polarization
quantitatively, a parameter X is defined [7] by

X �
Es

Ep
exp�i��s � �p�� � �X�exp�i��, (3)

where Ep and Es are the amplitudes of the P and S
waves, respectively, and �p and �s are their phases,
accordingly. Therefore, the elliptical polarization at
the output of the system X�o� is determined by the
elliptical polarization at the input of the system
X�i� where the bilinear transformation can be de-
scribed as

X�o� �
T22 � X�i�T21

T12 � X�i�T11
, (4)

and the coefficients T11, T12, T21, and T22 are the ele-
ments of corresponding Jones matrix [9],

In the experiment (Fig. 1), the initial state of po-
larization at X�i� � 1 (i.e., |X�i�| � 1 and ��i� � 0°) is
adjusted [9] while no tested sample is inserted and
the azimuth angles of the polarizers A1 and A2 in the
reference and signal channels are adjusted at 45° to
the x-axis. Then, Eq. (4) is simplified to

X�o� �
T22 � T21

T12 � T11
. (6)

The phase difference between the P and S waves
of the emerging beam from the tested MWP be-
comes

T	 � �T11 T12

T21 T22
�� 	 cos




2 � i cos 2	 sin



2 cos 2
� �
�

2� sin



2 sin 2	 � i cos 2	 sin



2 sin 2
� �
�

2�
�sin




2 sin 2	 � i cos 2	 sin



2 sin 2
� �
�

2� cos



2 � i cos 2	 sin



2 cos 2
� �
�

2� �. (5)

Fig. 1. Experimental setup: BS1, BS2: beam splitters, AOM1,
AOM2: acousto-optic modulators, M1, M2: mirrors, A1, A2: analyz-
ers, S: test sample on rotation stage, PBS: polarization beam
splitter, Dp, Ds: photo detectors, BPF: band-pass filter, LIA:
lock-in amplifier, DSC: digital stepping controller, PC: personal
computer.
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�	
�o� � tan�1
2 sin




2 cos 2	�sin



2 sin 2	 sin 2
� �
�

2�
� cos




2 cos 2
� �
�

2�����cos2



2 � sin2



2 sin2 2	

�
1
2 sin2




2 cos2 2	 cos 4
� �
�

2���, (7)

where � is the orientation of slow eigenelliptical po-
larization from the x-axis and 	 � tan�1�b�a� is the
ellipticity angle of the eigenpolarizations of the MWP,
where a and b are the lengths of the major and minor
axes of the polarization ellipse [7]. Furthermore,

 � 2��ns � nf�d� is the phase retardation between
the fast and slow eigenelliptical polarizations and nf

and ns are the refractive indices with respect to two
eigenelliptical polarizations, accordingly [5,7,8]. The
thickness d and wavelength � are available in this
setup. A linearly polarized laser beam is normally
incident onto an MWP of which the optical axis is on
its surface [x–y plane in Fig. 2(a)]. Then, the MWP is
rotated along the z-axis of the propagation direction
of the laser beam for phase retardation �	

�o���� mea-
surement using a lock-in amplifier. The condition
	 � 0 is satisfied because the MWP is considered to be
a linear birefringent material and multiple reflec-
tions by the MWP are not considered at this moment.
Then, Eq. (7) can be described by

�	
�o� � tan�1
2 sin




2��cos



2 cos 2
� �
�

2����
�cos2




2 �
1
2 sin2




2 cos 4
� �
�

2���. (8)

The laser beam is obliquely incident onto the surface
of MWP in which the initial conditions of ne for the
polarization of the E-ray along the x-axis and no for the
polarization of the O-ray along the y-axis as shown in
Fig. 2(b). The y-axis is parallel to the surface of the
MWP, and �o and �̃e are the refractive angles with
respect to the O-ray and Ẽ-ray of the MWP. When the
incident angle �ty is scanned in the x–z plane, ñe is
expressed by [10] ñe � neno��no

2 cos2 �̃e � ne
2 sin2 �̃e.

Thus, the phase difference between the Ẽ-ray and
O-ray emerging from the MWP can be expressed
by [11]:

�ty � �s � �p

�
2�

 �noAC� �
2�

 �ñeAD � DE�

�
2�


d�no cos �o � ñe cos �̃e�

�
2�


d
�no

2 � sin2 �ty � �ne
2 �

ne
2

no
2 sin2 �ty�, (9)

where �ty is a function of �ty, ne, and no. The spatial
splitting of the Ẽ-ray and O-ray, which introduces an

Fig. 2. (a) Schematic diagram of normal incidence. (b) Schematic
diagram of the oblique incident angle in the x–z plane. (c) Sche-
matic diagram of the oblique incident angle in the y–z plane.
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optical path difference of the MWP, is included.
Therefore, the difference between �ty and �0, which is
the phase retardation at normal incident, becomes

�ty � �0 �
2�


d�
�no

2 � sin2 �ty � �ne
2 �

ne
2

no
2 sin2 �ty�

� �no � ne��, (10)

where �0 � 2��no � ne�d�; �ty � �s � �p is the phase
retardation of the S and P waves of the MWP at an
oblique incident angle of �ty in the x–z plane. Simi-
larly, the oblique incident angle �tx is scanned in the
y–z plane of the MWP, where it is under the initial
conditions of ne for polarization along the x-axis and
no for polarization along the y-axis, while �o and �e

are the refractive angles of O-ray and E-ray, respec-
tively [see Fig. 2(c)]. Then, the phase difference �tx

from �0 becomes

�tx � �0 �
2�


d���no

2 � sin2 �tx � �ne
2 � sin2 �tx�

� �no � ne��, (11)

where �tx � �s � �p is the phase retardation of the S
and P waves at incident angle �tx in the y–z plane.

For a linearly birefringent medium (	 � 0), � be-
comes equal to � where 0° � � � 360°. However, the
true phase retardation of the MWP is expressed by

2�


d�ne � no� � 2m� � �. (12)

However, the effect of multiple reflections needs to
be considered at an oblique incidence. According to
Hecht [11], the multiple-reflection effect of an un-
coated MWP at a small tilted incident angle gener-
ates an extra phase retardation �tx in the x–z plane or
�ty in the y–z plane. This is expressed by

� � tan�1� rs
2 sin �s

rs
2 cos �s � 1�� tan�1� rp

2 sin �p

rp
2 cos �p � 1�,

(13)

where � is the extra phase retardation between the
E-ray and O-ray. In the case of an MWP that is tilted
along the y-axis (in the x–z plane), then � � �ty in
Eq. (13), where rs � rsy � �no � nair���no � nair� and
rp � rpy � �ñe � nair���ñe � nair� are expressed. Mean-
while, �s � �sy � 2���d�2no cos �o�� and �p � �py

� 2���d�2ñe cos �̃e�� are defined as well. Similarly, �
becomes �tx when �tx of the MWP is scanned along the
x-axis (in the y–z plane). Then, rs � rsx � �no �
nair���no � nair� and rp � rpx � �ne � nair���ne � nair� are
expressed. �s � �sx � 2���d�2no cos �o�� and �p

� �px � 2���d�2ne cos �e�� are defined accordingly.
Figures 3(a) and 3(b) are the computer simulations of

�ty and �tx versus the tilted angles �ty and �tx, respec-
tively. To reduce the multiple-reflection effect, �ty is
subtracted from �tx at �ty � �tx � �t and the common
multiple reflection effect is therefore effectively can-
celled. Thus,

��ty � �tx���2m� � �� � ��ne
2 � sin2 �t

� �ne
2 � ne

2 sin2 �t�no
2���ne � no�.

(14)

The �ne, no, m� are then obtained from Eq. (14), using
the least square error fitting between the experimen-
tal data and Eq. (14) where the thickness of the MWP
and the wavelength � are given.

3. Experimental Setup and Results

The experimental setup is shown in Fig. 1. Two
multiple-order quarter wave plates (QWPs) with or
without antireflection coating were tested in this ex-
periment where 	 � 0° (linear birefringence) and the
optical axis on the surface of the QWP are satisfied.
The phase retardation of ��o���� versus the rotation
angle � along the z-axis at normal incidence is mea-
sured where each rotation step is 1° using a digital

Fig. 4. (Color online) Experimental results (dots) for phase retar-
dation ��o���� versus rotation angle � of an uncoated QWP at normal
incidence. The theoretical calculation (solid curve) is ��o��� � �min�
after an angle being shifted.

Fig. 3. (Color online) Computer simulations of phase retardations
due to multiple reflections of an uncoated QWP tilted in the x–z
plane (a) �ty and (b) �tx tilted in the y–z plane where ne � 1.5518,
no � 1.5428, and d � 0.506 mm with tilted angle �ty at  �

632.8 nm.
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stepping controller (DSC). During the measure-
ments, the optical axis is aligned with the x-axis by
rotating the test QWP, and then Eq. (8) is satisfied.
An uncoated QWP was tested first in which multiple
reflections are considered. The phase retardation of
the P and S waves versus rotation angle � at normal
incident was measured. Thus, 
 � �o � 86.28°, �shift

� �89°, and 	 � 1.22° were obtained by curve fitting
between the measured data and Eq. (8) of ��o��� �
�shift�. The �shift is induced by the optical components in
the interferometer [9]. The correlation between the
experimental results (dots) and theoretical calcula-
tion (solid curve) is 0.999990 as shown in Fig. 4 in
which the residual phase retardation from optical
components in the interferometer is offset numeri-
cally [9]. Next, the uncoated QWP was rotated along
the y-axis in the range of 0° � �ty � 15° for phase
retardation �ty��ty� measurement. Then, �ty��ty� � �o

was calculated as shown in curve (a) in Fig. 5. Simi-
larly, �tx��tx� � �o was measured as well when the
oblique incident angle �tx is along the x-axis in the
range of 0° � �tx � 15°, which is shown in Fig. 5(b).
The oscillations in Fig. 5 are clearly seen at a small
rotated angle. This is in contrast to the result where

there are no oscillations in phase retardation when
testing an antireflection QWP as shown in Figs. 6(a)
and 6(b) by scanning �ty and �tx along the y-axis and
x-axis, respectively. As a result, the presence of mul-
tiple reflections that cause oscillation in oblique
incident phase retardation of an uncoated QWP is
experimentally verified. Thus, �ty � �0 and �tx � �0 can
be subtracted from each other under the arrange-
ment of �ty � �tx � �t such that the effect of multiple
reflections is effectively eliminated. Figure 7 shows
the result of �ty � �tx for the tested uncoated QWP in
this experiment. It is apparent that there is no oscil-
lation of �ty � �tx in the range 0° � �t � 15°. Inter-
estingly, we found that on testing an antireflected
QWP without multiple reflections, the measured
�ty��ty� � �0 [Fig. 8(a)] and �tx��tx� � �0 [Fig. 8(b)] do
deviate from Eqs. (10) and (11), respectively, at large
oblique incident angles. These are caused by a spatial
shifting of the P and S waves when they emerge from
the tested QWP as shown in Fig. 9. This is introduced
by the beam splitting of the E-ray and O-ray at the
front surface of the QWP at oblique incidence in Figs.
2(b) and 2(c). The spatial shifting effect of the emerg-

Fig. 6. Phase retardations of (a) �ty��ty� � �0 and (b) �tx��tx� � �0 of
an antireflection QWP under the condition of �ty � �tx � �t.

Fig. 5. (a) �ty��ty� � �0 and (b) �tx��tx� � �0 versus �ty and �tx of an
uncoated QWP where �ty � �tx � �t is arranged.

Fig. 7. Oscillations are eliminated in �ty � �tx of an uncoated QWP
at a condition of �ty � �tx � �t.

Fig. 8. Measured (a) �ty��ty� � �0 versus �ty and (b) �tx��tx� � �0

versus �tx of an antireflection QWP where �ty � �tx � �t. Dots are
the measured data while the solid curve shows the calculated data
based on ne � 1.5518, no � 1.5428, and d � 0.506 mm, at  �

632.8 nm. (c) Result of �ty � �tx.
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ing beams can be explained in Fig. 9, in which differ-
ent amounts of displacement of the P and S waves
occur as they emerge from QWP at the large angles of
�ty and �tx. Obviously, an improvement in the reduc-
tion of the deviation occurs when we subtract curve
(a) and curve (b) as shown in Fig. 8(c). Similarly, a
common error is induced when the spatial shifting
effect in �ty � �0 and �tx � �0 is canceled by subtrac-
tion. From Fig. 8(c), the value ne � no � 0.00908 was
calculated based on the experimentally calculated
data for the order number m � 7 and the given thick-
ness d � 0.506 mm of the antireflected coated QWP,
and then no � 1.54188 and ne � 1.55096 were ob-
tained by the best curve-fitting of Fig. 8(c) with Eq.
(14). When these results are compared with the ref-
erence data for the quartz wave plate [12] (no �
1.5427, ne � 1.5518), the percentage error is 0.05%
for the refractive indices of O-ray and E-ray, respec-
tively. During the measurement, the phase stability
of this experiment was 0.3°�h. This implies that the
detection sensitivity for refractive index measure-
ment is �n � ��2������d� � 10�6.

4. Discussion and Conclusion

In this study, a phase-sensitive optical heterodyne
ellipsometer is set up to measure the RPs of an un-
coated MWP precisely. An oblique incidence of the
laser beam is scanned in this experiment and tilted
phase retardation measurement carried out. Thus,
the multiple reflections by an uncoated multiple-
order QWP at a small oblique incident angle can be
eliminated efficiently. At the same time, the spatial
shifting effect at large oblique incident angles can be
effectively reduced by subtracting the two tilted

phase retardations along the x-axis and y-axis. As a
result, an extension on the dynamic range of the
scanned oblique incident angle is possible, which im-
proves the accuracy of RPs measurement. In sum-
mary, a method able to precisely measure �no, ne, m�
of an MWP by use of pure phase-sensitive detection,
rather than amplitude-sensitive detection, involving
an optical heterodyne ellipsometer, is experimentally
demonstrated. This is possible because of the com-
mon path configuration of this optical heterodyne in-
terferometer, which results in the common phase
noise and environmental disturbance being removed
effectively in phase retardation measurement. Thus,
the stability of the phase retardation detection in this
interferometer is better than that found using am-
plitude measurement and provides high sensitivity
and accuracy when carrying out RPs measurements
[13]. The multiple-reflection effect and the spatial
shifting effect are reduced in this experimental setup.
This method is then able to extend tilted phase re-
tardation into a larger oblique incident and this as-
sures high accuracy for the RPs measurements with
both antireflected coated and uncoated MWPs.

This research was supported by the National Sci-
ence Council of Taiwan through grant NSC-94-2215-
E-010-001.
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